(NON)LOCAL HAMILTONIAN AND SYMPLECTIC 
STRUCTURES, RECURSIONS, AND HIERARCHIES: A NEW 
APPROACH AND APPLICATIONS TO THE = 1 
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Abstract. Using methods of |7| and we accomplish an extensive study of 
the N = I supersymmetric Korteweg-de Vries equation. The results include: 
a description of local and nonlocal Hamiltonian and symplectic structures, five 
hierarchies of symmetries, the corresponding hierarchies of conservation laws, 
recursion operators for symmetries and generating functions of conservation 
laws. We stress that the main point of the paper is not just the results on super- 
KdV equation itself, but merely exposition of the efficiency of the geometrical 
approach and of the computational algorithms based on it. 



Introduction 

There exists a number of super extensions of the classical KdV equation 

Ut — —Uxxx + &UUx 

(see JS] and the references therein). One of them, the so-called iV = 1 supersym- 
metric extension, is 

Ut = -Uxxx + GuUx + iPxx^, 

= -'Pxxx + iuipx + iUxf, (1) 

where ip is an odd (fermionic) variable, |17| . To deal with this system, it is conve- 
nient to introduce a new independent odd variable 9 such that Dl = Dx, where 

De=de + 0Dx 

(here Dx denotes the total derivative operator; see below) and a new odd function 

^ = ip + 9u. 

Then 0J will acquire the form 

<i>t^-^xxx + 3Dg{<P)<Px+3Dg{<Px)^- (2) 

This equation is linear in 9 and reduces to |^ if we equal to each other the corre- 
sponding coefficients at the left- and right-hand sides. System Q (or equation 0) 
was studied before (see, e.g., |T2]) and a number of results related to its integrability 
were obtained. The aim of our paper is twofold: (1) to represent the known results 
in a more convenient form (at least, from our point of view); (2) to demonstrate the 
efficiency of new methods of analysis of integrable systems described in [3 El and 
based on a general geometric approach to nonlinear PDE j21EI|- Actually, descrip- 
tion of these methods and their highly algorithmical nature (and, to a less extent, of 
the results on the super-KdV equation themselves) is the main goal of the paper. 
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For traditional approach to Hamiltonian formalism in integrable systems we refer 
the reader to (2l '12i ilfl) ; an extensive exposition of the theory for superintegrable 
systems can be found in [TT] . 

This paper is organized as follows. In Section we present the essential def- 
initions and results needed for applications paying main attention to the com- 
putational aspects rather than to theoretical ones. All the proofs can be found 
in I21IZ1EIE3- In Section 121 the results for the iV = 1 supersymmetric KdV equa- 
tion are described. Finally, in the last section we briefly discuss the results and 
perspectives. 

1. Description of the computational scheme 
Here we deal with evolution systems S of the form 

Vt^F{y,t,vx,...,Vk)., (3) 

where both the unknown variable v — (w^, . . . jW™) and the right-hand side F = 
(F^, . . . , F™) are vector-functions and Vi = d'^v/dy^ , y and t being the independent 
variables. 

Remark 1. In applications, some of the variables , as well as y, may be odd. In 
particular, in equation Q 9 and <I> are odd and x is even. Nevertheless, for the sake 
of simplicity, we expose the general theory for purely even equations. Necessary 
corrections needed for the super case the reader will find in Subsection 11.101 

Two basic operators related to (O, 
are called the total derivatives. 

Remark 2. Note that the above expressions for total derivatives contain infinite 
number of terms. To make the action of these operators (as well as of similar 
operators introduced below) well defined, we introduce the space ^{S) of functions 
smoothly depending on y, t and a finite number of variables w^, and assume Dy 
and Dt to act in this space. Similarly, we shall consider the spaces ^™((#) of 
vector-functions of length m that depend on y, t and vl in the same way. 

1.1. Symmetries. A symmetry of equation is a vector field 

d_ 



1,3 

such that 

[S,Dy] = [5, A] =0. 

Any symmetry is of the form 

where the vector-function / = (/^, . . . , /™) G satisfies the system of equa- 

tions 

The operator at the right-hand side of lOl is called the linearization of F and is 
denoted by ip- Thus, equation ^ acquires the form 

Dt{f)=lF{f). (6) 



r)F^ 

W) = T.7rjDl(f)' i = h---,m. (5) 
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There exists a one-to-one correspondence between symmetries Q and the cor- 
responding functions / 6 ^™(<^), hence we shall identify symmetries with such 
functions and use the term 'symmetry' for any function that satisfy ©• 

1.2. Conservation laws and generating functions. A conservation law of sys- 
tem © is a pair f7 = (F, T), F, T G ^((T), such that 

Dt{Y) = Dy{T). (7) 

The function Y is called the density oi fl. A conservation law is called trivial if 
Y = Dy{P),T ^ Dt{P) for some function P G ^{S). 

To any conservation law there corresponds its generating function defined by 



5Y ( 5Y SY 



6v \ Sv^ ' ' 6v'^' 
where 

is the variational derivative with respect to . Generating functions of conservation 
laws satisfy the system of equations 

= -tAg). (8) 



Dt{g') = -Y.^-Dyy(—jg=], ; = l,...,m, (9) 



or 

where l*p is adjoint to the operator ip. 

Any conservation law is uniquely determined by its generating function and, in 
particular, Q, is trivial if and only if gQ_ — 0. Stress that equation may possess 
solutions that do not correspond to any conservation law of (jS))- 

Remark 3. Generating functions are also called cosymmetries 1 or conserved co- 
variants 0]. 

1.3. Nonlocal variables. Let us introduce a set of variables , . . . , . . . satis- 
fying the equations 

wl = A^iy,t, ... ), wi^ B^{y,t, u;^ ... ), (10) 

that are compatible modulo equation Q , where A' , are some smooth functions 
depending on a finite number of arguments. Consider the operators 

i 3 
Due to the compatibility conditions, one has 

[Dy,bt]^Q (11) 

modulo (PJ. The variables are called nonlocal. 

Using the operators Dy, Dt instead of Dy and Dt in formulas 0, and Q, 
we can introduce the notions of nonlocal symmetries, nonlocal conservation laws, 
and nonlocal generating functions depending on the new variables We shall 
denote the spaces of such symmetries and generating functions by sym((#) and 
gf(to'), respectively. 

Remark 4. An invariant geometric way to introduce nonlocal variables is based on 
the notion of covering, see |21 El El ^1 • 
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1.4. The I- and ^*-extensions. There are two canonical ways to extend the initial 
system (PJ. The first one is related to the operator ip and is called the £-extension. 
Namely, let us introduce the nonlocal variables ujf (we shall also denote uJq by uj^), 
j = 1, . . . , TO, i = 0, 1, ... , satisfying the relations 

Clearly, these equations are consistent modulo Q and are the consequences of the 
following ones 

-HE (12) 

In a similar way we construct the £* -extension: the nonlocal variables are pi (pq 
will also be denoted by p' ) and the defining relations are 

that reduce to the equations 




and their differential consequences. 

Remark 5 . The parities of the variables lo^ and p' are opposite to that of : if 
is even, then lu^ and are odd and vice versa. 

If the initial equation S' was extended by nonlocal variables , we can associate 
to these variables, in a canonical way, the corresponding w's and p's whose 'behavior' 
is governed by linearization or, respectively, adjoint linearization of equations H1U|I 
in the corresponding nonlocal setting. 

Associating operators to functions on the £- and £* -extensions. Let ^"^{(o) be the 
space of vector- valued functions of length to (see RemarkEJ. Consider the case when 
# is not extended by nonlocal variables first. Let a — (ai, . . . , a„i), — J^ji '^f^j ^ 
ay £ ^{(o), be a linear in u vector-function. Then we put into correspondence to 
this function a differential operator = \\A^\\ : ^"^{S) ^"((f), where 

If ,'^(S') contains nonlocal variables, the situation becomes more complicated. 
We shall consider here the simplest case when the functions A^ in H1U|) are inde- 
pendent of w^. Let (D^ be the variable in the ^-extension associated to the nonlocal 
variable and h = (6^, . . . , 6'"), U = h^^ui^ , be a linear in G) vector- function. 

Then the corresponding operator Afc = ||Af || : ^"^{S) ^"^{S) is of the form 

Al^=E^'"^.^°E^^^ (14) 

For the £*-extension the construction is completely similar. 

Below we shall use the notation ^'^{i^) and Jf™(£J.) for the spaces of vector- 
functions linear in lj, tj and p, p, respectively. 
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1.5. Recursion operators for symmetries. Let R £ ^™{£s) be a function that 
satisfies the equation 

Then the corresponding operator Aji maps sym{S') to sym((f) and thus is a re- 
cursion operator for (nonlocal) symmetries of S". 

Remark 6. Here and below hy ip (or £p) we denote the linearization operator (or 
the adjoint one) in which the total derivatives Dy are substituted by the opera- 
tors Dy in the £- or ^*-extensions. 

1.6. Recursion operators for generating functions. Let L G ^™(^|,) be a 
function that satisfies the equation 

Dt{L) = -tpiL). 

Then the corresponding operator maps gf(ff) to gf(f^) and thus is a recursion 
operator for (nonlocal) generating functions of (or adjoint recursion operator pP). 



1.7. Hamiltonian structures. Let K e ^"'(^J.) be a function that satisfies the 
equation 

Dt{K)=£F{K). 

Then the corresponding operator Ak maps gf((o') to sym((f). We call such maps 
pre-Hamiltonian structures (they are also known as N aether operators ^P)- In or- 
der Ak to be a true Hamiltonian structure, it has to satisfy two conditions: skew- 
symmetry (AJf = —Ak) and the Jacobi identity for the corresponding Poisson 
bracket (that amounts to |Ai<-,Ax] = 0, where |-,-] is the variational Schouten 
bracket, see 0Ci)- Both these conditions are easily checked in terms of the func- 
tion K. 

Namely, if if = || a;"'p; || then we consider the function Wk — '^iji o.fp'iP^ 
and in terms of Wk the first condition reads 

-J^P' - ^2Wk, (15) 



while the second one is 



5 5\^I5Wk5Wk 
Sv^ Sp J ^ \ Sv"^ bp"^ 



(16) 



((5/Jw,5/(5p) = I bv^ , . . . ,8 1 bv'^ I bp^ , . . . ,b I bp^). Note also that the compati- 
bility condition for two Hamiltonian structures K and K' amounts to 



b b\ s-^(bWK bWK' ^ bWK' bWK 
bv^ bp J ^ \ bv^ bp^ bv^ bp^ 



0. (17) 



The equation S itself is in the Hamiltonian form if it possesses a Hamiltonian 
structure K and may be presented as 



bY 

vt = Ak— (18) 

bv 



for some Y = (y\.. .,r"). 
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1.8. Symplectic structures. Let J £ ^"^(£g) be a function that satisfies the 
equation 

A (J) = -lUJ)- 

Then the corresponding operator A,/ maps sym.{S') to gf((o') and may be called 
a presymplectic structure on (alternatively, inverse Noether operator 4 ). A 
presymplectic structure is called symplectic if it enjoys in addition the following 
properties. Let J — || X^j/ ^I"''^; ||- Similar to Subsection 11.71 we consider the 
function Wj = '^iji ^l^J^ and impose the conditions 

^5Wj 



Suj'' 



-w' = -2Wj, 



i.e., the operator Aj is skew-adjoint, and 

6_ _6_ 

6v ' 6lu 



E 



SWj 







(19) 



(20) 



that means that the 'form' Wj s is closed. Thus, in our context the term 'symplectic 
structure' means the same as in classical mechanics, cf. |14| . 

1.9. Canonical representation. As it will be seen below, all the operators con- 
structed in our study are presented in the form 



a>0 







where ||c^|| is an to x TO-matrix, is an to x Z-matrix, and ||e^'|| is an ^ x m- 

matrix for some I > (matrix- valued functions, to be more precise). In the table 
it is shown how the matrices d and e look for different types of operators. 



Type of operator 


Lines of matrix d 


Columns of matrix e 


Recursions for symmetries 
Recursions for generating fund. 
Hamiltonian structures 
Symplectic structures 


Symmetry 
Generating function 

Symmetry 
Generating function 


Generating function 
Symmetry 
Symmetry 

Generating function 



1.10. Super case. We shall now assume that all objects under consideration be- 
long to the super setting, i.e., may be either even or odd, which means that they 
obey the rule 

AB = (-l)^^BA. 

Here and below, symbols used at the exponents of (—1) stand for the correspond- 
ing parity. Generalization of the above exposed theory to the super case is carried 
out along the lines of |18[ [TUI . 

Then the basic formulas to be used in the calculus described above are: 

(1) for evolutionary derivations 

(naturally, the parity of equals that of plus parity of y times i); 



(2) for the linearization one has £f{ip) = 



-l)^'^9^{f) that amounts to 



dvf 
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(3) for the operator adjoint to A = o-iD^ one has 



2. Main results for the = 1 supersymmetric KdV equation 
Here we apply the theory described above to equation (jSJ 

We use the notation 
and 

for Df+\<i>)^D, 



The functions <i>fc are odd while are even, the function $ = (f>o itself being odd. 

Gradings. We assign the following gradings [•] to the variables on our equation: 

[e] = -l/2, W = -3, [$1=3/2. 

Respectively, we have 

[$fe] = (2fc + 3)/2, = fc + 2. 

With these gradings, equation 10 becomes homogeneous (of grading 9/2) and all 
constructions below can be considered to be homogeneous as well. 

2.1. Nonlocal functions. Here we extend the equation S' by four groups of non- 
local variables. We present here their ^-components only; the x- and i-components 
are given in |6| (they are found from compatibility conditions 

2.1.1. Group 1. This group includes the even variables gi, q^, gs, defined by 

{qi)e = $0, 
('73)e = $o$i, 

(g5)e = $i(-*2 + 2$o*i)/2. 
Gradings: [qi] = 1, [93] = 3, [q^] = 5. 

2.1.2. Group 2. This group includes the odd variables Qi , Q|, defined by 

(Qi)e = gi, 

(Qf )e = <?! - 693, 

(Q|)e = -60$o$igi + 91 - eOg^gg + 240g5. 
Gradings: [Qi] = 1/2, [Qs] = 5/2, [Qo] = 9/2. 

2.1.3. Group 3. This group includes the odd variables Q|j Q^: defined by 
(QT)e = (12$2Qi + 18$iQi(?i + $oQ|)/3, 

(Qi^)8 = (360$4(3i + 5280$3Qi'7i - 760$2Q| + 4680$2<9i4'i + 1200$2Qig? 
-t-60$ig5qi +$oQ|)/60. 

Gradings: [Q^] = 3/2, [Qi] = 7/2, [Qii] = 11/2. 
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2.1.4. Group 4- This group includes the even variables qi, q^, q^ defined by 
iqi)e = Qa, 

(93)9 ~{Qi + Q^ql), 

(95)9 = (12gi^ + 42gi$i + 6Qiql + UQi<^>^qi + Q,q^ ~ iAQ sq^q^) / ^ . 
Gradings: [qi] = 1, %] = 3, %] = 5. 

Remark 7. The last three variables are not used directly in the subsequent compu- 
tations, but clarify the nonlocal picture and enter in the expressions for the higher 
terms of hierarchies of symmetries and generating functions. 

2.2. Seed symmetries. Solving equation lO, which in our case is of the form 

where Dg = dg + OD^, while and Dt are the total derivative operators ex- 
tended to the nonlocal setting (see Subsection 12. 1(1 . we found a number of solutions 
that serve as seed symmetries for constructing infinite hierarchies and are used to 
construct nonlocal vectors (see Subsection 12 .41 below) . 
These symmetries are: 

The Yk series. 

Yi = $1, 

yg = $3 - 3$i-l>i 

Y5 = ^5- 5<I>3$i 

The Yi, 1 series. 

^ 2 

Ys = -2$i(3i - $1(71 +$11, 

2 2 2 '-2 

Yr = -12$3Qi - 2$iQ5 -I- 36cE>iQi$i + 36$oQi^i 1 + 12$o$2 

2 2 2 22 2-^2 

- e^o^igi + 12$igi - 36$^$ii - ^iql + 6$i(j3 + 3$ii 9i - 6$2i9i 

+ 6$3l, 

■^2 ' 

Yii = 240$5Qi +40*3Q5 - 12004'3Qi*i - 2400$2Qi$ii 

2 2 2 22 2-^2 

+ 2$iQ9 - 120$iO5$i -h 2400$iQi $1 - 2400$iOi $,1 - 600$i$3 

2 22 22 2 '^2 

+ 240$i$2gi - 120$oQf $ii + 4800$oQi4'i^ii - 1200$o(3i$3i 

- 480$o^'4 + 360$o$39i + 1920$o^'2'J' i - 120$o$2g? - 720$o^'i$i gi 
+ 1680$o*i$ii + 20$o*i'7? - 120$o$i93 + 660$|gi - 3540$|$ii 

- 40$i(?5' + 240$ig3 -I- 360$i$ii(7i - 960<I>i$2i9i + 1200$j.<I>3i 

2 2 22 22 22 

+ $1 - 60$^qJ(73 + 240*^95 - 720$Ji gi + 2400$ii $2i - 
+ 120$ii(?i(73 + 20$2i9? - 120$2i93 - 60$3igi -f 120$4i(?i - 120$5i . 



-3$o«'ii, 

- 10$2$i 1 + 10$i$l - 10$i<I>ni -I- 20$o^'i^'i 1 
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The Zk series. 

Zi = Qi $1 + 6l(-2$iQi - + ), 

Z3 = (3Q|$i(?i - 3Q|$ii + 05$i - 120^$| - 3Qi + BQi $31 
+ 6<I>iQi Q3 + 6$o3>iQi + 6i(-12$3Qi - 2$iQ5 + 36$iOi $1 
+ 36$oQi*i 1 + 12$o3'2 - e^o'Sigi + 12$? gi - 36$i3>i 1 

2 2 ■2 2 2 

- ^iqf + 6$ig3 + 3$iigi - e^ai^i + 6*31 )/3, 

Z5 = (-15Q7$i9i + 1507$ii + 12003$igi - 36003$i$ii 

- 10(5|$i(?J + 60Q3$ig3 + 30Q3$iig2 _ 60Q3$2i<?i + 60(53$3i 

- Q9$i + 4005$i - 5Q5^iql + 1505$iigi - 2005$2i " 660Qi$i 

22 22 22 22 22 22 

+ 90Qi$2 ? - 390Qi4>i$ii(7i + 960Qi$i$2i +5Qi$igf 

2 2 2 2 -^2 2 2 ''2 2 2 

- 30g^$i(7i(73 + 660Q^$^i - lOQi - 30Q^$ii 93 + eOQi^gigi 

- 120gi$4i + 12$5 - 120$3giQ3 - 60$34>i - 1204>2$i 1 

2^2 2 2 2 -^2 

- 2o$iQ5g3 - 30$igig7 + 36o$igig3$i - w^iQiQ^qi 

22 22 222 22 

-240$i$2gi - 60$i$ig? + 60$i$ii9i - 120$i$2i + 360$ogig3 i 
2 2^ ^2 ''2 2 2^2 

- 360$o*3gi + 120$o*2Q| + 120$o^2gi gi + 60$o*iQ|gi 

- 20$o^ig| + 720$o^igi$i - ISO^o^iQigi + 300$o*i^ii 

- 90^0^1?? + 90$o^i 1 - 60$o*3i + 0{240^5Qi + AO^sQ^ 

- 1200$3Qi$i -2400$2gi*ii +2$iQ9 - 120$ig5$i +2m^iQi^1 

2 2 2 ^2 2 2 2 2 2 

- 2400$ig 1 $2i - 600$i$3 + 240$i$2gi - 120$ogs^i 1 + 4800$og i * i ^1 1 

2 2 2 2 22 2 

- 1200$ogi^3i - 480^0^4 + 360$o*3gi + 1920$o*2$i - 120$o*2g? 

- 720$o*i*igi + 1680$o*i^ii + 20$o^ig? - 120$o*ig'3 + 660$igi 

2 2 2 

- 3540$i$ii - 40$ig? + 240$ig3 + 360$i$ii gf - 960$ 1 $31 91 

22 2 2 22 22 

+ 1200$i$3i + $1 g^ - 60$igig3 + 240$ig5 - 720$ii gi + 2400$ii 

- 5$ii gf + 120$ii gig3 + 20$2ig? - 120$2ig3 - 60^31 g? + 120$4i gi 
-120$5i))/5. 

T/ie Zi, 1 series. 

Zi = -26i$i +$1, 

2 2 

= -2$ig3 + $iQi gi + 2$o^i - 4$i + $1 gf - 2$ii gi + 2$2i 
+ 6i(-4$3 + 12$i$i + 12$o^ii ), 
Z9 = -24$3g3 + 24$3gi gi - 6$iQ7 + 72$ig3$i + 2^iQ5qi 

2 2 2 2 2 2 2 

- Se^iQi $igi + 24$igi$ii - Se^iQi gs + 48$i$2 + 72$og|*i 1 

- 72$ogi*iigi + 72$o^3 - 48$o*2gi - 144$o*i*i + 48i>o$igi 
+ 6i(-48$5 + 240$3$ 1 + 480$2$i 1 - 480$i$? + 480$i$9 1 

2 2 2 2 

- 960$o^i*ii + 240$o^3i) + 132$i - 2A^lql + 144$i$iigi 

2 2 2 2 2 2 2 

- 192$i$oi +$igf - 24$ 1^193 - 144$?i -4$, 1 5? + 24$, 193 

2 2 2 2 J^2 2 2 

+ 12$2ig? - 24$3igi + 24$4i . 
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Gradings. There are two points of view on symmetries: as on functions and as on 



vector fields 9/ (see 


Subsection 11 .1(1. For functions we 


have: 




[Yi] = 5/2, 


[Y3] = 9/2, 




13/2, 


odd; 


[Y.] - 3, 






7, 


even; 


[Zi] = 5/2, 


[Z,] - 7/2, 


[7 1 — 


13/2, 


odd; 


[Z^] = 2, 


[Z^] = 4, 




D, 


even. 


For vector fields we have: 








[9yJ = 1, 


- 3, 




= 5, 


even; 


[9yJ=3/2, 


[9^51 = 7/2, 


2 


= 11/2, 


odd; 


[9zA = 1, 


[9zl] = 3, 




= 5, 


even; 


[9zJ = l/2, 

2 


= 5/2, 

2 


[9^9 ] 

2 


= 9/2, 


odd. 


Note also that the symmetries Ya do not depend 


on 9, while 


Za are 



functions with respect to 9. 

2.3. Seed generating functions. Solving equation which in our case is of 
the form 

Dtif) = -Dlif) + 6$ 1 - 3$o5^(/), 

we found a number of solutions that serve as seed generating functions for construct- 
ing infinite hierarchies and used to construct nonlocal forms (see Subsection 12.51 
below). These generating functions are: 

The Fk series. 

Fo = 1, 

F2 = $1, 

2 

F4 = (-2$o$i + 3$| - «'2i )/3. 

The F,. 1 series. 
Fi = Qi, 

2 2 

F5 = (Q5 12Qi$i + 6$i + 6$ogi)/6, 

-F| = (Qa - 40Q|$i + 720Qi$| - 240Qi$2i + 120$3 + 1204>2gi 

- 480$i$ 1 + m^iql - 480$o*iQi - 420$o'J'i'?i - 240$o*ii + 20$og? 

- 120$o93)/20. 

T/ie Gfc series. 
Go^9Qi, 

G2 = (3QiQ| + 6$o(3i + OQ^ - 126'Qi$i + 69^i + 69^oqi)/3, 
G4, = (-lOgsQa + I5Q1Q7 + 120QiQ3$i - SgiQsgi - 120$2Qi 



2 2 2 

- 60$iQ| - eo^oQigi - 20$oQf + 420$oQi«'i + 90$o<9ig? 

- 120$o*i - fi'Qf + 406ig5$i - 7206igi$| + 2406'O^$2i - 1206i$3 

- 1206'$2gi + 4806l$i$ 1 - 606'$igJ + 4806'$o$iQi + 4206'$o^i <Zi 
+ 2406'$o*ii - 206i$o'?? + 1206i$og3)/90. 
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The Gi. 1 series. 

G_i =9, 

2 

Ga = -Qs + Qiqi + 2$o - 46l$i , 

2 2 2 2 

Gi = (3Q2 - 24Q3$i - Qagi +6Qi$i(?i - 12Qi$,i + ISQigg - 24$2 

2 ^ 2 22 2 22 2-^2 2 

- 12$igi + 84$o*i + 6$o9? + 966'$o$i - 1446'$i + 486l$2i)/6. 
Gradings. These generating functions have the foUowing gradings and parities: 



[Fo] 


= 0, 




= 2, 


[^4] 


= 4, 


even; 




-1/2, 




= 5/2, 


iFo] 

2 ^ 


= 9/2, 


odd; 


[Go] 


-0, 


[G2] 


= 2, 


[G4] 


= 4, 


even; 


[G-i] 


= -1/2, 


[G3] 


= 3/2, 


[Gi] 


= 7/2, 


odd. 



Note again that the generating functions Fa do not depend on 0, while Gq, are 
hncar functions with respect to 0. 

2.4. Nonlocal vectors. We consider now to the £*-extension of equation The 
additional coordinates on this extension are denoted by P = Pq, -Pi, Pi, etc. 

Now we introduce nonlocal variables in the £*-extension that we call nonlocal 
vectors and which are defined by 



(Py.: 


)b = YlPo, 


iPYs)i 


9 - Y3P0, 


iPn)o 


= Y5P0; 


(Pys] 


)fl = YsPo, 


iPYr)> 
3 


5 = YrPo, 


(Py^^ )e 


^Y^Po: 


(pI: 


)e = ZiPo, 


(^Z3)< 


3 = Z3P0, 


iPz,)e 


— Z5P0; 


{Pz:. 

3 


)e = ZiPo, 


iPz^.)> 

2 


9 = Z^Pq, 


(Pzo )e 
5 


-Z,Po, 



where the symmetries and Za were described in Subsection 12.21 
The X- and i-components of these variables are given in j^] . 

Gradings. The variable Pq is even and we assign grading to it. Then Pk are 
also even variables with [Pk] = k while Pj,i are odd and [P^i] = (2fc + l)/2. 
Consequently, 



[PyA 


-2, 


[PyA 


= 4, 


[PyA 


-6, 


even; 


[^] 


= 5/2, 


[PyA 


= 9/2, 


[Py.A 


= 13/2, 


odd; 


[PzA 


= 2, 


[Pz,] 


= 4, 


[PzA 


= 6, 


even; 


[PzA 


= 3/2, 


[Pz^A 


= 7/2, 


[PzA 


= 11/2, 


odd. 



222 



2.5. Nonlocal forms. Passing to the ^-extension of equation (O, we introduce the 
additional coordinates on this extension that are denoted by 17 = fio, i^i , f^i, etc. 

Now we introduce nonlocal variables in the ^-extension called nonlocal forms and 
described by 





— ^oF(j, 




= noF2, 


i^Fji 


5 — floF4; 




^^oFi, 


2 


= ^oFi, 


i^F,)> 


3 = n^F^ : 




= iloGo, 


i^G^e 


— ^oG2, 


i^G^i 


J = floG^: 


9 


= QqG_i, 


{^Gs)e 


— f2oG3 , 


i^Gr)> 

9 


9 = rioGj 



where the generating functions Fa and Ga were described in Subsection 12. 31 
The X- and i-components of these variables are given in |B] . 
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= 3/2, 


[f^Fj 


= 7/2, 


odd; 




= 2, 


[f^F^] 


= 4, 


even; 




= 3/2, 


[^gA 


= 7/2, 


odd; 


2 


= 1, 


[^Gr] 

2 


= 3, 


even. 



Gradings. The variable fio is even and we assign grading to it. Then fl^ are 
also even variables with [Qk] = k, while fi^i are odd and [flki] — {2k + l)/2. 
Consequently, 

i^Fo] = -1/2, 
[f^Fi] =0, 

[f^G„] = -1/2, 

[f^G J = -l, 

2 

2.6. Recursion operators for symmetries. Using the method described in Sub- 
section 11.51 we found two nontrivial solutions of the linearized equation in the 
^-extension enriched with nonlocal variables. The first one is 

Ri = -Qi r!Fo$i - 2$ir!Go - *if^F„ + 2$iQi r!G_i 

- 2<Po^i + eQpo'^iqi - ^'f^Fo^'ii + 2e^iQinFo 
+ 2e<^>inF, - f^i^i $1 + f^G_i *i9i - f^G_i ^'li 

2 2 2 2 2 2 2 

- 2f7o'I>i + f^2- 

2 

The operator corresponding to the first solution is 
An, ^Dl- 2^oDg - 2$i 

- (Yi + Zi)Dg^ oFq- ZiDg^ ° - Y^Dg^ o G_ 1 - 2YiDg^ o Gq. 

The second solution is given in 6 and corresponds to the operator A|j.^ . 
Gradings. The operator Ri is even and its grading is 2. 

2.7. Recursion operators for generating functions. Using the method de- 
scribed in Subsection 11.61 we found three nontrivial solutions of the adjoint lin- 
earized equation in the ^*-extension enriched with nonlocal variables. The first 
one is 

Li = QlPz^ + 2^oPi + OPys + 2eQiPY, - 4$i Po + Py^ + Pz, + P2. 
2 ^ 2 ^ 2 2 

The operator corresponding to the first solution is 

Al, =dI + 2^oDe - 4$ 1 

+ (Fo + 2Go)Dg^ 0Y1+ G_iDg^ ° + ^^^e^ ° ^1 + ^h^e^ ° 

The second and third solutions are given in ^ and correspond to the operators A|^^ 
and A^^ , resp. 

Gradings. The operator Li is even and its grading is 2. 

2.8. Hamiltonian structures. Using the method described in Subsection 11.71 
we found three nontrivial solutions of the linearized equation in the €*-extension 
enriched with nonlocal variables. The first one is 

Ki = - -Pi *i - 2$iFo - 3*oP'i. 

The operator corresponding to the first solution is 

Ak, =Dl- 3$o^e - - 2$i. 
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This operator satisfies criteria (|15|l and (|16() and thus is Hamiltonian. Moreover, 
there exists a conservation law (corresponding to the nonlocal variable qs) 

X = $o*I>i, 

T = -2$i$2 + $0*3 - 9$o*i$i + 4$i - 2$i $2i + 
such that our equation can be represented as 

'^^ = ^-^^(-^^ 
and so p8|l is also satisfied. 

The second Hamiltonian structure is of the form 

^2 2 2 5 2 ^2 ^2 2 2 "^2 

+ 3Pi$? - Pi - 2gi $iPy, - 2$3Po - 7$2Pi - 2$igi Pz, 

22 2-^2 22-^ 2-^ 

+ 9$i$iPo - 2$iPz, - 9$iP2 - ^o'SiPi + 13$o*iA + 7$o*iifb 

2 2 2 -^2 

- S^o^s + 26»$iPy^ + 46i$iQiPy, + 29^iqiPY, ~ 29^^Py,. 
The corresponding operator is 

Aa'2 =D°g- 5$o^e - 3$i - 9$ii?4 _ 3-l>^Dl + (13$o*i - 7^2)Dj 
+ (3$i - $2i - ^o^i)De + (9$i$i + 7$o$ii - 2*3) 

+ i^iP'e"^ ° - ° " 2yii:»g"^ o Zi - 2ZiD^^ o Yi. 

The third solution is given in jBj (see also Remark below). 

Gradings. The operator is odd and of grading 5/2. The operator is also 
odd and of grading 9/2. 

2.9. Symplectic structures. Using the method described in Subsection 11.81 we 
found three nontrivial solutions of the adjoint linearized equation in the ^-extension 
enriched with nonlocal variables. The first one is 

2 2 2 2 

The operator corresponding to the first solution is 

Aj, = (Po + G(>)Dg^ o Fo + G_iD-^ o Fi - FiDg' o G_i + FoDg' o Gq. 

This operator satisfies criteria p9|) and H2(J|I and thus is symplectic. 
The second solution is of the form 

J2 = (Sr^Ga - 121^Go*i - 12f^F2 - 12^^Fo$i + Q^ll - iQ^^F, 

- Qsf^Gi + 3QiQ^flFo +3Qif2Figi + UQiflG^^i 
-3Qi17g3 -6$iJ7g 1 +6$o<9if^Fo +6$o^^Fi - G<^>o^g i<7i 
+ 6$o^^o + OQ^nFo - UeQinF^ - 126'Q^17Fo*i + 6d<i>i^Fo 
+ 60^o^Foqi ~ 126'17fi«'i +6onF,)/6. 
The corresponding operator is 

Aj, ^01 + ^^0 + (^G2 - 2F2)Dg' o Po 

- 2(Po + Go)D,' o P2 + \g^D,' o P, + G_i P,-i o P^ 

- 2P2P^i o Go + ^FoDg^ o G2 - GF^Dg^ o G_ 1 - ^Pi o Ga . 

^ 2 2^2 2 

The third solution is given in ^ (see Remark O. 
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Gradings. The operator Ajj^ is odd and of grading —1/2. The second operator is 
also odd and its grading equals 3/2. 

2.10. Interrelations. Using the symmetries computed in Subsection 12.21 and ap- 
plying the recursion operator obtained in Subsection 12. 61 we get four infinite series 
of (generally, nonlocal) symmetries 

Y2k-u [y2fe-i] = (4fc + l)/2, odd, 

Yik-i , \ Y4k-1 ] = 2fc + 1, even, 

2 2 

Z2k-u [Z2fe-i] - (4fc+l)/2, odd, 

Z ik-3 , iZ ik-s ] — 2k, even, 

2 2 

fc = l, 2, ... 

In a similar war, using the results of Subsections 12 . 31 and 12 . 71 we get four infinite 
series of generating functions 

F2k-2, [F2fc_2] = 2fc - 2, even, 

F4k-3 . [F4k-3] = (4fc - 3)/2, odd, 

G2k, [G2k] = '2k, even, 

G4k-5, [Gi^] = (4fc - 5)/2, odd, 

fc = l, 2, ... 

These series are related to each other (up to rational coefiicients) by the operators 
of Subsections 12 . 6ljT^ in the following way: 




A 



Z2k-1 > Z2k+1 



F2k- 



^F2k 



Yik- 



Ar 



-> F2k^ 



Fa 





^ Lt 4fc + 3 



Remark 8. Actually, there exists another hierarchy of symmetries 52/c, fc = 0, 1, 
with the seed element 



So = 6(-$3 + 3$i$i + 3$$ii )i + 2$ix + e^i 



3$ 



(the scaling symmetry). All these symmetries are odd, linear with respect to x, t, 
and 9, and have grading [6*2 fe] = {Ak + 3)/2, see |TH] . 

Remark 9 (cf. ^). Let us clarify the relations between the structures described 
above. First, it should be noted that the Hamiltonian structures Ki and K2 are 
compatible, i.e., their Schouten bracket vanishes (or, their linear combination is a 
Hamiltonian structure again). More over, they are related to each other by the 
rerecursion operator i?i : A^f^ = A/j^ o A . Consequently, an infinite series of 
(nonlocal) compatible Hamiltonian structures Ki arises, such that Axi+i = ° 
/^Ki ■ In a similar way, we have an infinite series of symplectic structures related 
by the operator Li. The inverse of each Hamiltonian structure, if it makes sense, 
is a symplectic structure and vice versa. 
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Second, in an obvious way all natural powers of recursion operators are also 
recursion operators. If i? is a recursion operator for symmetries, the adjoint R* is 
a recursion for generating functions and vice versa. 

3. Conclusion 

The study of the = 1 supersymmetric KdV equation exposed in this paper 
demonstrates the power and efficiency of the geometrical methods elaborated in 
and [2]. In particular, we found recursion operators for symmetries and generating 
functions, Hamiltonian and symplectic structures, constructed five infinite series of 
symmetries. The research was based on new geometrical methods giving rise to 
efficient computational algorithms. 

Our experience shows that the methods applied are of a universal nature and 
may be used to analyze a lot of other equations, both classical and supersymmetric. 
In particular, from technical point of view, the canonical representation of nonlocal 
operators (see Subsection ll.9|l seems to be quite efficient and convenient when 
dealing with such operators. Note that all nonlocal operators constructed in this 
paper are represented in the canonical form. 

We strongly believe that the majority of the problems formulated in can be 
solved by our methods. We plan to demonstrate this in forthcoming publications. 
Note in particular that the nonlocal Hamiltonian structure indicated in is 
inverse to our symplectic structure Ji . 
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